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KRUSKAL–KATONA TYPE THEOREMS FOR CLIQUE
COMPLEXES ARISING FROM CHORDAL AND STRONGLY
CHORDAL GRAPHS
JU¨RGEN HERZOG, TAKAYUKI HIBI, SATOSHI MURAI,
NGOˆ VIEˆT TRUNG AND XINXIAN ZHENG
Abstract. A forest is the clique complex of a strongly chordal graph and a quasi-
forest is the clique complex of a chordal graph. Kruskal–Katona type theorems
for forests, quasi-forests, pure forests and pure quasi-forests will be presented.
Introduction
Recently, in commutative algebra, the forest ([5]) and the quasi-forest ([17] and
[9]) have been extensively studied. Each of these concepts is, however, well known
in combinatorics ([14]). In fact, a forest is the clique complex of a strongly chordal
graph and a quasi-forest is the clique complex of a chordal graph. (A chordal graph
is a finite graph for which every cycle of length > 3 has a chord. A strongly chordal
graph is a chordal graph for which every cycle of even length ≥ 6 has a chord that
joins two vertices of the cycle with an odd distance > 1 in the cycle.)
Besides the celebrated g-conjecture for spheres ([16, pp. 75–76]), one of the most
important open problems in the study of f -vectors of simplicial complexes is the
classification of f -vectors of flag complexes. (A flag complex is the clique complex
of a finite graph.) Works in the reserach topic include [3], [6], [7], [8] and [15]. On
the other hand, the study of f -vectors of clique complexes of chordal graphs was
done in [4], [12] and [13].
The purpose of the present paper is to give a Kruskal–Katona type theorem for
forests and quasi-forests (Theorem 1.1) as well as a Kruskal–Katona type theorem
for pure forests and pure quasi-forests (Theorem 1.2). These theorems will be proved
in Section 2. We then show in Section 3 that the f -vector of a pure quasi-forest is
unimodal.
1. Kruskal–Katona type theorems
Let [n] = {1, . . . , n} be the vertex set and ∆ a simplicial complex on [n]. Thus ∆
is a collection of subsets of [n] with the properties that (i) {i} ∈ ∆ for each i ∈ [n]
and (ii) if F ∈ ∆ and G ⊂ F , then G ∈ ∆. Each element F ∈ ∆ is a face of ∆.
Let d = max{|F | : F ∈ ∆}, where |F | is the cardinality of F . Then dim∆, the
dimension of ∆, is d− 1. A facet is a maximal face of ∆ under inclusion. We write
F(∆) for the set of facets of ∆. A simplicial complex is called pure if all facets have
the same cardinality. Let fi denote the number of faces F with |F | = i + 1. The
vector f(∆) = (f0, f1, . . . , fd−1) is called the f -vector of ∆. In particular f0 = n. If
1
{Fi1 , . . . , Fiq} is a subset of F(∆), then we write 〈Fi1 , . . . , Fiq〉 for the subcomplex
of ∆ whose faces are those faces F of ∆ with F ⊂ Fij for some 1 ≤ j ≤ q.
A facet F of a simplicial complex ∆ is called a leaf if there is a facet G 6= F of ∆,
called a branch of F , such that H
⋂
F ⊂ G
⋂
F for all facets H of ∆ with H 6= F .
A quasi-forest is a simplicial complex ∆ which enjoys an ordering F1, F2, . . . , Fs of
the facets of ∆, called a leaf order, such that for each 1 < j ≤ s the facet Fj is a
leaf of the subcomplex 〈F1, . . . , Fj−1, Fj〉 of ∆. A quasi-tree is a quasi-forest which
is connected. A forest is a simplicial complex ∆ which enjoys the property that for
every subset {Fi1 , . . . , Fiq} of F(∆) the subcomplex 〈Fi1, . . . , Fiq〉 of ∆ has a leaf.
A tree is a forest which is connected.
We now come to Kruskal–Katona type theorems for forests, quasi-forests, pure
forests and pure quasi-forests.
Theorem 1.1. Given a finite sequence (f0, f1, . . . , fd−1) of integers with each fi > 0,
the following conditions are equivalent:
(i) there is a quasi-forest ∆ of dimension d− 1 with f(∆) = (f0, f1, . . . , fd−1);
(ii) there is a forest ∆ of dimension d− 1 with f(∆) = (f0, f1, . . . , fd−1);
(iii) the sequence (c1, . . . , cd) defined by the formula
d∑
i=0
fi−1(x− 1)
i =
d∑
i=0
cix
i, (1)
where f−1 = 1, satisfies
∑d
i=k ci > 0 for each 1 ≤ k ≤ d.
(iv) the sequence (b1, . . . , bd) defined by the formula
d∑
i=1
fi−1(x− 1)
i−1 =
d∑
i=1
bix
i−1 (2)
is positive, i.e., bi > 0 for 1 ≤ i ≤ d.
Theorem 1.2. Given a finite sequence (f0, f1, . . . , fd−1) of integers with each fi > 0,
the following conditions are equivalent:
(i) there is a pure quasi-forest ∆ of dimension d−1 with f(∆) = (f0, f1, . . . , fd−1);
(ii) there is a pure forest ∆ of dimension d− 1 with f(∆) = (f0, f1, . . . , fd−1);
(iii) the sequence (c1, . . . , cd) defined by (1) satisfies
∑d
i=k ci > 0 for each 1 ≤ k ≤
d and ci ≤ 0 for each 1 ≤ i < d.
(iv) the sequence (b1, . . . , bd) defined by the formula (2) satisfies 0 < b1 ≤ b2 ≤
· · · ≤ bd.
In Section 2, after preparing Lemmata 2.1, 2.2 and 2.3, we will prove both of
Theorems 1.1 and 1.2 simultaneously.
2. f-vectors of forests and quasi-forests
We begin with
Lemma 2.1. Let ∆ be a quasi-forest on [n] with s + 1 facets and Fs+1, Fs, . . . , F1
its leaf order. For each 1 ≤ j ≤ s we write Gj for a branch of the leaf Fj in
the subcomplex 〈Fs+1, Fs, . . . , Fj〉 of ∆. Let δj = |Fj | and ej = |Fj
⋂
Gj |. Let
dim∆ = d− 1 and let f(∆) = (f0, f1, . . . , fd−1) be the f -vector of ∆.
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(a) One has
d∑
i=0
fi−1x
i =
s+1∑
j=1
(1 + x)δj −
s∑
j=1
(1 + x)ej , (3)
where f−1 = 1.
(b) Let k1 · · · ksks+1 be a permutation of [s+1] with 0 < δk1 ≤ · · · ≤ δks ≤ δks+1 = d
and ℓ1 · · · ℓs a permutation of [s] with 0 ≤ eℓ1 ≤ · · · ≤ eℓs. Then eℓj < δkj for all
1 ≤ j ≤ s.
Proof. (a) Let s = 0. Then δ1 = d, fi−1 =
(
d
i
)
and
∑d
i=0 fi−1x
i = (1+x)δ1. Let s ≥ 1
and ∆′ = 〈Fs+1, Fs, . . . , F2〉. Let dim∆
′ = d′ − 1 and f(∆′) = (f ′0, f
′
1, . . . , f
′
d′−1).
Since ∆′ is a quasi-forest, working by induction on the number of facets, it follows
that
∑d′
i=0 f
′
i−1x
i =
∑s+1
j=2(1+ x)
δj −
∑s
j=2(1+ x)
ej . Now, the number of faces F of ∆
with F 6∈ ∆′ and with |F | = i is
(
δ1
i
)
−
(
e1
i
)
. Hence
d∑
i=0
fi−1x
i =
d′∑
i=0
f ′i−1x
i + ((1 + x)δ1 − (1 + x)e1),
as desired.
(b) Let kp = 1 and ℓq = 1. Then eℓq < δkp . Since 〈Fs+1, Fs, . . . , F2〉 is a quasi-
forest, working by induction on the number of facets, it follows that (i) in case
of p ≤ q, one has eℓj < δkj for each 1 ≤ j < p and for each q < j ≤ s, and
eℓj ≤ eℓq < δkp ≤ δkj for each p ≤ j ≤ q, and that (ii) in case of q < p, one has
eℓj < δkj for each 1 ≤ j < q and for each p < j ≤ s, and eℓj ≤ eℓj+1 < δkj ≤ δkj+1 for
each q ≤ j < p. Hence eℓj < δkj for all 1 ≤ j ≤ s. 
Lemma 2.2. Given a quasi-forest of dimension d − 1 with s + 1 facets and with
f -vector f(∆) = (f0, f1, . . . , fd−1), there exist finite sequences (δ1, . . . , δt, δt+1) and
(e1, . . . , et) of integers, where 0 < t ≤ s and where δi 6= ej for all i and j, satisfying
0 < δ1 ≤ · · · ≤ δt ≤ δt+1 = d, 0 ≤ e1 ≤ · · · ≤ et < d
and
ej < δj , 1 ≤ j ≤ t
which enjoys the formula
d∑
i=0
fi−1x
i =
t+1∑
j=1
(1 + x)δj −
t∑
j=1
(1 + x)ej ,
where f−1 = 1.
Proof. In Lemma 2.1 (b), in case that δka = eℓb for some a and b, one has a < b and
eℓj < δkj+1 for all a ≤ j < b. Hence we can replace δk1, . . . , δks+1 and eℓ1 , . . . , eℓs
with δk1 , . . . , δka−1, δka+1, . . . , δks, δks+1 and eℓ1 , . . . , eℓb−1 , eℓb+1, . . . , eℓs . 
Lemma 2.3. Let (δ1, . . . , δs, δs+1) and (e1, . . . , es) be sequences of integers, where
s ≥ 0 and where δi 6= ej for all i and j, satisfying
0 < δ1 ≤ · · · ≤ δs ≤ δs+1 = d, 0 ≤ e1 ≤ · · · ≤ es < d
3
and
ej < δj , 1 ≤ j ≤ s.
Then there is a forest ∆ on [n], where n =
∑s+1
j=1 δj −
∑s
j=1 ej, of dimension d − 1
such that the f -vector f(∆) = (f0, f1, . . . , fd−1) of ∆ satisfies (3).
Proof. First, we construct the subsets F1, . . . , Fs, Fs+1 of [n], where |Fj| = δj for
each 1 ≤ j ≤ s + 1 and where |Fj
⋂
Fj+1| = ej for each 1 ≤ j ≤ s. Let Fs+1 =
{n − d + 1, n − d + 2, . . . , n}. If we obtain the facet Fj = {q1, q2, . . . , qδj−1, qδj},
where 1 ≤ q1 < q2 < · · · < qδj ≤ n, then the facet Fj−1 is defined to be
Fj−1 = {q1 − (δj−1 − ej−1), . . . , q1 − 2, q1 − 1, qδj−ej−1+1, . . . , qδj−1, qδj}.
A crucial property of F1, . . . , Fs, Fs+1 is that
Fj
⋂
Fs+1 = · · · = Fj
⋂
Fj+2 = Fj
⋂
Fj+1 (4)
for each 1 ≤ j ≤ s.
Now, write ∆ for the simplicial complex on [n] of dimension d − 1 with F(∆) =
{F1, . . . , Fs, Fs+1}. It follows from the property (4) that ∆ is a quasi-forest with
Fs+1, Fs, . . . , F1 its leaf order. In addition, for each 1 ≤ j ≤ s, in the quasi-forest
〈Fs+1, Fs, . . . , Fj〉 the facet Fj+1 is a branch of the leaf Fj . Since |Fj | = δj for each
1 ≤ j ≤ s + 1 and |Fj
⋂
Fj+1| = ej for each 1 ≤ j ≤ s, Lemma 2.1 guarantees that
the f -vector f(∆) = (f0, f1, . . . , fd−1) of ∆ satisfies (3).
Finally, we claim that ∆ is a forest. Let 1 ≤ j1 < j2 < · · · < jq ≤ s + 1 and
Γ = 〈Fj1, . . . , Fjq〉. Then
Fj1
⋂
Fjq = · · · = Fj1
⋂
Fj3 = Fj1
⋂
Fj2 .
Hence Fj1 is a leaf of Γ with Fj2 its branch. 
We now prove both of Theorems 1.1 and 1.2 simultaneously.
Proof. ((ii) ⇒ (i)) Since a (resp. pure) forest is a (resp. pure) quasi-forest, the
f -vectors of (resp. pure) forests coincide with the f -vectors of (resp. pure) quasi-
forests.
((i) ⇒ (iii)) Let ∆ be a quasi-forest of dimension d − 1 with s + 1 facets and
f(∆) = (f0, f1, . . . , fd−1) its f -vector. With the same notation as in Lemma 2.2, it
follows that
d∑
i=0
cix
i =
t+1∑
j=1
xδj −
t∑
j=1
xej .
Thus
d∑
i=k
ci = |{j : δj ≥ k}| − |{j : ej ≥ k}| > 0
for each 1 ≤ k ≤ d, as desired.
If, in addition, ∆ is pure, then Lemma 2.1 guarantees the existence of a sequence
(e1, . . . , es) of integers with 0 ≤ e1 ≤ · · · ≤ es < d such that
d∑
i=0
cix
i = (s+ 1)xd −
s∑
j=1
xej .
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Thus
∑d
i=k ci > 0 for each 1 ≤ k ≤ d and ci ≤ 0 for each 1 ≤ k < d.
((iii)⇒ (ii)) Let s+1 =
∑
ci>0 ci. Since
∑d
i=0 ci = f−1 = 1, one has
∑
ci<0(−ci) = s.
Since
∑d
i=1 ci > 0 and
∑d
i=0 ci = f−1 = 1, one has c0 ≤ 0. Write
d∑
i=0
cix
i =
s+1∑
j=1
xδj −
s∑
j=1
xej ,
where ei 6= δj for all i and j, and where
0 < δ1 ≤ · · · ≤ δs ≤ δs+1 = d, 0 ≤ e1 ≤ · · · ≤ es < d.
Suppose
∑d
i=k ci > 0 for each 1 ≤ k ≤ d. We claim ej < δj for each 1 ≤ j ≤ s. To
see why this is true, let j denote the biggest integer ≤ s for which δj < ej . Then∑d
i=ej
ci = 0, a contradiction.
Now, it turns out that the sequences (δ1, . . . , δs, δs+1) and (e1, . . . , es) enjoy the
properties required in Lemma 2.3. Thus there exists a forest ∆ of dimension d − 1
whose f -vector f(∆) satisfies (3). In other words, the f -vector f(∆) must coincide
with the given sequence (f0, f1, . . . , fd−1).
If, in addition, ci ≤ 0 for each 1 ≤ i < d, then δj = d for all 1 ≤ j ≤ s+ 1. Hence
the forest which is constructed in the proof of Lemma 2.3 is pure.
((iii) ⇔ (iv)) Let bk =
∑d
i=k ci for k = 0, 1, . . . , d. In other words, the sequence
(b0, b1, . . . , bd) is defined by the formula
d∑
i=0
cix
i =
d∑
i=1
bix
i−1(x− 1) + b0.
Since b0 = c0 + · · ·+ cd = f−1, it follows from (1) that (b1, . . . , bd) satisfies (2). It is
now clear that (iii) is equivalent to (iv), as desired. 
Remark 2.4. Let ∆ be a simplicial complex on [n] of dimension d− 1 and f(∆) =
(f0, f1, . . . , fd−1) its f -vector. Recall from [1], [11] and [16] that the h-vector h(∆) =
(h0, h1, . . . , hd) of ∆ is defined by the formula
d∑
i=0
fi−1(x− 1)
d−i =
d∑
i=0
hix
d−i,
or equivalently, by the formula
d∑
i=0
hix
i(1 + x)d−i =
d∑
i=0
fi−1x
i. (5)
In particular h0 = 1 and h1 = n− d. It follows from (1) and (5) that
d∑
i=0
cix
i =
d∑
i=0
hix
d−i(x− 1)i.
Hence
ci =
d∑
j=0
(−1)d−i
(
j
d− i
)
hj .
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Consequently, for each k = 1, 2, . . . , d, one has
bk =
d∑
i=k
ci =
d∑
j=0
{
d∑
i=k
(−1)d−i
(
j
d− i
)
hj
}
= 1 +
d∑
j=1
(−1)d−k
(
j − 1
d− k
)
hj .
3. Unimodality of f-vectors
A finite sequence (a1, a2, . . . , aN) of integers with each ai > 0 is called unimodal
if a0 ≤ · · · ≤ aj ≥ aj+1 ≥ · · · ≥ aN for some 0 ≤ j ≤ N . We recall the following
well-known
Lemma 3.1. Let d and e be integers with 0 ≤ e < d and define the sequence
(a0, a1, . . . , aδ) by the formula
∑δ
i=0 aix
i = (1 + x)d − (1 + x)e. Then
a0 ≤ a1 ≤ · · · ≤ a[(d+1)/2] ≥ a[(d+1)/2]+1 ≥ · · · ≥ ad.
Theorem 3.2. The f -vector f(∆) = (f0, f1, . . . , fd−1) of a pure quasi-forest ∆ of
dimension d− 1 is unimodal.
Proof. Let ∆ be a pure quasi-forest of domension d−1 with s+1 facets and f(∆) =
(f0, f1, . . . , fd−1) its f -vector. Lemma 2.1 says that there is a sequence (e1, . . . , es)
of integers with 0 ≤ e1 ≤ · · · ≤ es < d such that
d∑
i=0
fi−1x
i = (1 + x)d +
s∑
j=1
((1 + x)d − (1 + x)ej ).
By using Lemma 3.1 it follows that
f−1 ≤ f0 ≤ · · · ≤ f[(d+1)/2]−1 ≥ f[(d+1)/2] ≥ · · · ≥ fd−1.
Hence (f0, f1, . . . , fd−1) is unimodal. 
The f -vector of a pure simplicial complex is not necessarily unimodal. In fact,
there is a simplicial convex polytope such that the f -vector of its boundary complex
is not unimodal ([2]). On the other hand, it is proved in [10] that the f -vector
f(∆) = (f0, f1, . . . , fd−1) of a pure simplicial complex ∆ of dimension d− 1 satisfies
fi ≤ fd−2−i, −1 ≤ i ≤ [d/2]− 1,
together with
f−1 ≤ f0 ≤ · · · ≤ f[d/2]−1.
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